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SOME s-NUMBERS OF AN INTEGRAL OPERATOR OF HARDY 
TYPE IN BANACH FUNCTION SPACES 

DAVID EDMUNDS, AMIRAN GOGATISHVILI, TENGIZ KOPALIANI AND NINO 

SAMASHVILI 


Abstract. Let Sn{T) denote the nth approximation, isomorphism, Gelfand, 
Kolmogorov or Bernstein number of the Hardy-type integral operator T given 
by 


Tf{x) = v{x) f u{t)f(t)dt, X € (a, b) (—00 < a < b < -|-oo) 
J a 


and mapping a Banach function space E to itself. We investigate some geo¬ 
metrical properties of E for which 

rb 

u{x)v(x)dx < \im sup nSn{T) < limsup nSn(T’) < 0*2 / u{x)v{x)dx 
n—Voo n—^oo J a 



under appropriate conditions on u and v. The constants Ci^C 2 > 0 depend 
only on the space E. 


1. Introduction 

The s-numbers such as approximation, isomorphism, Bernstein, Gelfand and 
Kolmogorov numbers Sn{T) of a compact linear map T acting between Banach 
spaces have proved to give a very useful measure of how compact the map is. 
For a fine survey of these numbers and their interactions with various parts of 
mathematics we refer to the monumental book by Pietsch. The wealth of 
applications of these ideas has naturally led to the detailed study of s-numbers of 
particular maps, prominent among which are the weighted Hardy-type operators T, 
for which sharp upper and lower estimates of the approximation numbers in L^(a, b) 
spaces, (1 < p < oo) are investigated in [5] [7], [S], [E] and m- For various other 
s-numbers see m and m and the recent book m- When V = u = 1 (i.e. the 
non-weighted case) the problem of the estimation of approximation numbers for the 
Hardy operator acting between variable exponent Lebesgue spaces LP^'\a,b) was 
considered in m- see the recent books m and m- In Banach function spaces, 
estimates of approximation numbers were considered in |20j . 

Our purpose in this paper is to study s-numbers for a weighted Hardy-type oper¬ 
ator T acting in a Banach function space E. Under some geometrical assumptions 
on E, and on the weights u, v, we obtain two-sided estimates for its approximation, 
isomorphism, Bernstein, Gelfand and Kolmogorov numbers. Our methods of proof 
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are similar to those of m and are based on the extension of the estimates of the 
function A (see Section 4) to Banach function spaces under certain geometrical 
assumptions. 

The paper is organized as follows. Section contains notation, preliminaries 
and formulation of the main results, while in Section |3] we present an application to 
Lebesgue spaces with variable exponent and in Section |4] properties of the function 
A are established. Estimates of s-numbers of the operator are given in Section [5l 
Finally, asymptotic estimates and the proof of the main result are given in SectionlHl 

2. Notation, definitions and Preliminaries 

Let L{I) be the space of all Lebesgue-measurable real functions on / = (a, 6), 
where —oo < a < b < +oo. A Banach subspace E of L{I) is said to be a Banach 
function space (BPS) if: 

1) the norm ||/||_b is defined for every measurable function / and / G A if and 
only if W/We < oo : ||/||_e = 0 if and only if / = 0 a.e.; 

2) |||/||b = ||/|Uforall/GA; 

3) if 0 < / < 5 a.e., then ||/||£; < ||g||£;; 

4) if 0 < /„ t / a.e.,then ||/„||e t II/IIe; 

5) L°°{T) CEC L^E). 

Let J be an arbitrary interval of /. By E{J) we denote the ’’restriction” of the 
space A to J; E{J) = {fxj ■ / £ A}, with the norm ||/||£;(j) = ||/xjI|e- 

Given a Banach function space E, its associate space E' consists of those g € S 

such that f-g G for every / G E with norm \\g\\E' = sup{||/ • g\\Li ■ ||/||e < 1 }■ 

E' is a BPS on I and a closed norm fundamental subspace of the conjugate space 
E*. 

We say that the space E has absolutely continuous norm (AC-norm) if for all 
f ^ E, \\fxxJ\E 0 for every sequence of measurable sets {A„} C I such that 
Xx„ —t 0 a.e. Note that the Holder inequality 

j^f{x)g{x)dx < ll/llisllgllE' 

holds for all / G A and g € E' and is sharp (for more details we refer to [1]). 

Let E be a Banach space with dual E*; the value oi x* at x G E is denoted by 
{x,x*)x or {x,x*) . 

We recall that E is said to be strictly convex if whenever x,y G E are such that 
X ^ y and ||a;|| = ||y|| = 1, and A G (0,1), then ||Ax + (lA)j/|| < 1. This simply 
means that the unit sphere in E does not contain any line segment. 

By n we denote the family of all sequences Q = {li} of disjoint intervals in / 
such that I = U/^gQ/i. We ignore the difference in notation caused by a null set. 

Everywhere in the sequel by (Q G H) we denote a Banach sequence space 
(BSS) (indexed by a partition Q = {li} of I), meaning that axioms l)-4) are 
satisfied with respect to the counting measure, and let {ej.} denote the standard 
unit vectors in Zg. 

Throughout the paper we denote by C,Ci,C 2 various positive constants inde¬ 
pendent of appropriate quantities and not necessarily the same at each occurrence. 
By Ak, B we mean that 0 < Ci < A/B <C 2 <oo for some Ci,C 2 - 

Definition 2.1. Let I = {Zglggn be a family of BSSs. A BPS E is said to satisfy 
a uniform upper (lower) /—estimate if there exists a constant C > 0 such that for 
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every f G E and Q € 11 we have 


\\f\\E<C\\ ^ \\fxu\\E-ei,\\i^ 
heO. 


E ll/X/J|is • e/J|ie < C\\f\\E 


lidQ 


Definition [Q was introduced in |16] . The idea behind it is simply to generalize 
the following property of the Lebesgue norm: 

i 


for a partition of M" into measurable sets . The notions of uniform upper (lower) 
1—estimates, when Iq^ = Iq^ for all Qi, Q 2 G If, were introduced by Berezhnoi in 

[ 21 - 

Note that if a BFS E simultaneously satisfies upper and lower I = {^algen 
estimates, then there exists a constant C > 0 such that, for any f G E and Q S If, 


^ll/IU< 


E 


ll/xJilU 

WxuWe 


■ Xh 


E 


( 2 . 1 ) 


Note also that if E simultaneously satisfies upper and lower I = {?g}gen estimates 
then E' simultaneously satisfies upper and lower I' = {Zglaen estimates (see [l6]l. 
We investigate properties of the Hardy-type operator of the form 

Tf{x) = Taj,u,vf{x) = v{x) f f{t)u{t)dt, 


where u and v are given real valued nonnegative functions with \{x : u{x) = 0}| = 
|{a; : v{x) = 0}| = 0 as a mapping between BFS (by | • | we denote Lebesgue 
measure). This operator appears naturally in the theory of differential equations 
and it is important to establish when operators of this kind have properties such 
as boundedness, compactness, and to estimate their eigenvalues, or their approxi¬ 
mation numbers. We shall assume that 


UX(a,x) G E' 


( 2 . 2 ) 


and 


X{x,b) G E (2.3) 

whenever a < x < b. 

In [16j the following was proved. 

Theorem 2.2. Let E and F be BFSs with the following property: there exists a 
family of BSS I = {^gjgen such that E satisfies a uniform lower l-estimate and 
F a uniform upper l-estimate. Suppose that (12.21) and (12.31) hold. Then T is a 
hounded operator from E into F if and only if 

sup A{t) = sup ||uX(t,b)||F||MX(a,t)IU' < 00- 

a<.t<ib a<.t<ib 

We observe that similar results hold when we replace v and u by vxj and uxj 
respectively, where J is any subinterval of I. Note that in [TB] the verification of the 
above conditions is carried only for I. However, the methods of proof work equally 
well for arbitrary intervals J G I. 
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Theorem 2.3. Let J = {c,d) be any interval of I; let E and F he BPS for which 
there exists a family of BSS I = sueh that E satisfies a uniform lower 

I-estimate and F a uniform upper I-estimate. Then the operator 

Tjf{x) = v{x)xj{x) f u{t)xj{x)f{t)dt 
J a 

is bounded from E into F if and only if 

Aj = sup Aj{t) = sup \\vxjXit,d)\\F\\uxjX{c,t)\\E' < oo. 

tej tej 

Moreover Aj < ||Tj|| < K ■ Aj^ where K >1 is a constant independent of J. 

In [8] the authors establish a general criterion for T to be compact from E to F 
when T : E ^ F is bounded. Indeed the following theorem is valid. 

Theorem 2.4. Let T : E ^ F be bounded, where E, F are BPS with AC- norms. 
Then T is compact from E to E if and only if the following two statements are 
satisfied: 

lim sup ||wX(r,a;)||E||'«X(a.r)|U' = 0, 
x—¥a-\- a<.r<x 

and 

lirn sup ||z;x(r,b)||F||RX(x,r)I| f'= 0. 

x-^b- j;^r<b 

Note that if E and F have AC-norms and u G E', v G F then T : E ^ F is 
compact. 

More detailed information about the compactness properties of T is provided 
by the approximation, isomorphism, Bernstein, Gelfand and Kolmogorov numbers 
and we next recall the definition of those quantities. 

B{E, F) will denote the space of all bounded linear maps of E to F. Given a 
closed linear subspace M of E, the embedding map of M into E will be denoted 
by Jm the canonical map of E onto the quotient space E/M by Qf^. Let 
S G B{E, E). Then the modulus of injectivity of T is 

j{S) = sup{/9 > 0 : ||5 'x||£; > p||a;||£; for all x G E}. 

Definition 2.5. Let S G B{E,E) and n S N. Then the nth approximation, iso¬ 
morphism, Gelfand, Bernstein and Kolmogorov numbers of S are defined by 

a„(S') = inf{||S'— P|| : PgB{E,E), rank(P) < n}; 
^„(5)=sup{||A||-l||i?||-l}, 

where the supremum is taken over all possible Banach spaces G with dimG > n 
and maps A G B{E, G), B G B{G, E) such that ASB is the identity on G; 

Cn{S) = inflll^jjlll : codim(M) < n}; 

hn{S) = sup{j{SJM); dim(M) > n}; 

dniS) = inflllQ^S'll ; dim(M) < n}. 

respectively. 

Below Sn{S) denotes any of the nth approximation, isomorphism, Gelfand, Kol¬ 
mogorov or Bernstein numbers of the operator S. We summaries some of the facts 
concerning the numbers s„(iS') in the following theorem (see [T5]'): 


5 


Theorem 2.6. Let S G B{E,E) and n G N. Then 

an{S) > c„(5) > 6„(5) > i^{S) 

and 

an{S) > dniS) > iniS). 


The behavior of the s-numbers of the Hardy-type operator T is reasonably well 
understood in case E = F = {a, b). 

Theorem 2.7. Suppose that 1 < p < oo, v G LP{a,b), u G L‘^{a,b) where l/p + 
Ijq = 1. Then for T : LP{a, b) —>■ L^(a, b) we have 


1 

lim nSn{T) = —jp / u(x)v{x)da 

n^oo 2 


where "fp = TT sin(7r/p). 


When p = 2 and the s„ are approximation numbers this was first established in 
[7], see also [21]. The general case, namely that when 1 < p < oo, was proved in 
m, where it appears as a special case of results for trees. When p = 2, for nice u 
and V these results were improved in |9] and more recently extended for 1 < p < oo 

in [15] . 

We say that a space E fulfills the Muckenhoupt condition if for some constant 
C > 0 and for all intervals J C I we have 

tttIIxjIIbIIxjIIb' < c. 


Note that if E fulfills the Muckenhoupt condition, then using Holders inequality 
we obtain 

— / \f{x)\dx<C -—, 
w\ Jj WxjWe 

and if additionally E simultaneously satisfies upper and lower I = {^glgen esti¬ 
mates, then from (EU we obtain 


Id 

dec ■ 


\f{x)\da 


<C^i||/IU, 

E 


where Ci > 0 is an absolute constant independent of the partition Q of I. If for a 
space E we have the Muckenhoupt condition and m, we denote this by writing 
E G A4. Note that in the case of a reflexive variable exponent Lebesgue space 
the condition G implies the boundedness of the Hardy-Littlwood maximal 
operator in (see [3]i [I])- 

The main result of this paper is the following theorem. 


Theorem 2.8. Let E be BFS belong to the class A4. Let the spaces E, E* be 
strictly convex and assume that E and E' have AC- norms. Suppose u G E', 
V G E. Then there exists constants Ci = Ci{E), C 2 = C 2 {E) > 0 such that, for the 
map T : E ^ E 


Cl / M(a;)u(a:)(i2; < hmsupns„(r) < limsupnSn(T) < (72 / u{x)v{x)dx. 
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3. Variable exponent Lebesgue spaces 


Given a measurable function p{-) : {a,b) —>• [l,+oo), L^^'\a,b) denotes the set 
of measurable functions / on (a, b) such that for some A > 0, 


l{a,b) 


X 


dx < oo. 


This set becomes a Banach function space when equipped with the norm 

p{x) 'I 


||/||p(.) = inf I A > 0 : f ( 

y J{a,b) \ 


\fix)\ 

A 


dx < 1 


These spaces and corresponding variable Sobolev spaces are of interest in 

their own right, and also have applications to partial differential equations and the 
calculus of variations.(For more details of results about variable exponent Lebesgue 
spaces we refer to [3] and El)- 

We say that a function p : (a, b) —>■ (1, oo) is log-Holder continuous if there exists 
C > 0 such that 

(j 

\p{x) - p{y)\ < -—-———I-for all x,y € {a,b) and x ^ y. 

log(e + ll\x - y\) 

Denote by Piog the set of all log-Holder continuous exponents that satisfy 


p_ = ess vai^(z(a,b)P{x) >1, P+ = ess sup,,g(„ < oo. 

Note that the log-Holder continuous condition is in fact optimal in the sense of the 
modulus of continuity, for boundedness of the Hardy-Littlewood maximal operator 
in variable Lebesgue spaces (see 0, El)- 

We say that a exponent p(-) G Viog is strongly log-Holder continuous (and write 
p{-) G SV\og) if there is an increasing continuous function defined on [0, b — a] such 
that lim ib(t) = 0 and 


— \p{x) —p(y)|ln|a: — y| < iIj{\x — y\) for all x,y G {a,b) with 0 < |a: — y| < 1/2. 
In [TB] the following was proved. 

Proposition 3.1. Let p{-) G Piog- Then LP^'\a,b) G A4. 


Note that there exists another classes of exponents giving rise to property m- 
Indeed, let p{-) : [0,1] ^ [l,-|-oo) be log-Holder continuous, w{t) = l{u)du, t G 
(a, 6), w{b) = 1, l{u) > 0 (u G (a, &)). Then has property (12.11) 1 (see 

ED). 

From Theorem 12.81 and Proposition 13.II we obtain 

Corollary 3.2. Let p{-) G Piog and v G LP^'\a,b), u G L^^'\a,b) {l/p{x) + 
\/q{x) = 1, T G (a, 6)). Then T acts from the variable exponent spaee LP^'^{a,b) to 
itself and 


Cl 


'(a,b) 


u{x)v{x)dx < limsupnSn(T) < limsupns„(T) < C 2 


'{a,b) 


u{x)v{x)dx. 


An analogue of Theorem l2.8l in the setting of spaces with variable exponent when 
u = V = 1 was investigated in [10] . where the following theorem was proved. 
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Theorem 3.3. Let p(-) G SViog and u = v = 1. Then T acts from the variable 
exponent space L'P^'\a,b) to itself and 

lim ns^(T) =-!- [sm{Tr/p{x))dx, 

n-s-oo 277 Jj 

where s'^{T) stands for any of the n-th approximation, Gelfand, Kolmogorov and 
Bernstein numbers of T. 


4. Properties of A 

Here we establish properties of the function A which we shall need in the next 
section. 


Definition 4.1. Let i? be a BPS, J be a subinterval of / = {a,b), c € [a, h], and 
suppose that u £ E'{J) and v G E{J). We dehne 


A{J) = A{J,u,v) 


sup inf 


\\Tc,jf - av\\E(j) 

II/IIe(j) 


where 


Tc,jf{x) = v{x)xj{x) / f{t)u{f)xj{t)dt. 


We prove some basic properties of A{ J). Choosing a = 0 we immediately obtain 

A{J) < \\T,j\\<K-Aj. 


Note that for d G [a, &], 

Tdjfix) =Tc,jf{x) +v{x)xjix) [ f{t)u{t)xj{t)dt 

Jd 

and the number .4( J, u, v) is independent of c G [a, h]. 


Lemma 4.2. Let E be a BFS, J be a subinterval of I, and suppose that u G E'(J) 
and V G E(J). Set 


A{J) 


sup inf \\Tc,jf 

II/IIe(J) = iI“I^2||u||e/(j) 


av\\E(j)- 


Then A{ J) = A{J). 


Proof. Holder’s inequality yields 

\\Tc,j\\ < \\uxj\\e'(J)\\'>JXj\\e{j)- 

2 II rjn 11 

Let ||/||£;(j) = 1 and |a| > 2\\u\\e>(j). Then |a| > and using the triangle 

inequality we obtain 

\\c(V -Tcjf\\E(j) > |q;|||u||£;(j) - I|T’c,j||||/||£;(j) 

> 2||T,,j|| - ||re,j|| 

= \\Tc,j\\- 

We have 


\\Tc,j\\ 

>A{J) 

= sup min{ inf \\Tc,jf 
II/IIe(j)=i I“I<2||«IIe'(j) 




inf 

|a|>2||«|| 


\\Tc,jf 


E'(J) 


(Xv\\e(J)} 
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= sup inf 

||/||e(j) = iI«I<2||«||e'(j) 


\\Tc,if - av\\E{j) = A{J). 


□ 


Note that using the same arguments we may prove that 


A{J) 


sup inf \\Tc,jf 

II/IIe(j)<i I“I<2|NIIe'(j) 


aw||B(j). 


Lemma 4.3. Let E be a BPS and the dual E* of the spaee E has AC- norm. Let 
J be a subinterval of I, and suppose that u e E'{J) and v € E{J). Then: 

1. The funetion A{x, d) is non-increasing and continuous on {c,d)- 

2. The function A{c,x) is non-decreasing and continuous on (c,d)- 

3. lim A{c,x)= lim .4(a;,(i)=0. 

x^c— x—kI+ 


Proof. That A{x, d) is non-increasing is easy to see. Fix y,c < y < d. Let £ > 0. 
Fix ho > 0 such that y — ho > 0 and \\u\\E>{y-h,y) < £ for 0 < h < ho- 
Let Dh = \\u\\E'(y-h,d) (0 < h < ho) and w{y) = X{y,d) Jy_h f{t)u{t)dt. 

We have 


A{y, d) < A{y - h, d) 

= sup inf \\av — Ty_i^^(^y_fi^y^'ff\\E((y—h,d)) 

“ I ~ '^V-h,{y-h,d)f)X{y-h,y)\\E{{y-h,y)) 

-f IKOII — Ty_l.i^(^y_fi^i^'^f)X(^y^ij^'^\\E((y^d))} 

- {\\Ty-h,iv-h,y)\E{{y-h,y)) ^ E{{y-h,y))\\x 

^ ll/l|E((y—/i,i/)) + ~ Ty^(^y_h^d)f ~ Vw)x[y,d) ||E((i/,d))} 

< sup {\\''^\\E'((y-h,y))\\v\\E((y-h,y))\\f\\E((y-h,y)) 

+ l|■^llE((y,(i))l|■*^llE'((y-?l,y)) \\f\\E((y-h,y)) 

+ IKOJ'II ~ 2y,(y,d)/)X(y,d)llE((y,d))} 

< \\v\\E{{y-h,y))£ + |k||E((y,d))£ 

ll/llE(„-h.d)=ll“l^2D;. 

Since Dq < Dh < Dh^ we have 

^'^P , ll^y.(y.d)/-a^llE((y.d)) 

- ^'"P I - «^lls((y.d)) 

ll/llE((„-h.d))=ll“l^2Do 

^'^P I ll^y.(y.d)/-a^llE((y.d)) 

ll/llE((„,d))<ll“l^2Do 

= A{y,d) 

and thus 


A{y, d) < A{y -h,d) < ||v||£;((j^_,i_j^))£ -f ||v||£;((j^,d))£ + A{y, d), 
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which proves that 


lim A{y — h,d) = A{y,d). 


Analogously 


lim A{y + h,d) = A{y,d). 
h^0+ 

In the same way we prove 2 and 3, which finishes the proof of the lemma. 


□ 


Lemma 4.4. Let E be a BPS satisfying the condition (EH) and suppose that E' 
has AC-norm. Let J = {c,d) be a subinterval of I, and suppose that u G E'{J) and 
V G E{J). Then 

A{,J) < inf ||r,,j \E{J) ^ E{J)\\. (4.1) 

X^J 

The norms \\T^,j\\, ||Lr,(c,x)ll, l|7’x,(x.d)ll of the operators T^j T^,(c,x), Tx,{x,d), from 
E{J) to E(J), are continuous in x G (c,d) and there exists e G J such that 


For any x G J 
and 


l|J'e,(c,e)|| = \\Te,{e,d)\\- 

\\Txj\\ Ri max{||T3,_(c,a;)||, ||Tlc.(a;.d)l|}, 

min||T^,j|| ~ ||Te,j||. 

xGJ 


(4.2) 

(4.3) 

(4.4) 


Proof. For any x G {c,d), 

A{J) < sup{|lT,,j/|U(^) : WfWEij) = 1} = ||r..j| E{J) ^ E{J)l 
and consequently we have gID. 

To prove the continuity of ||T). ( 3 . we first note that for z,y G {c,d),z < y, 
Tz,(z.d)f{x) - Tj^,(y,d)/(a;) = v{x)x(y,d){x) f f{t)u{t)dt 

J Z 

+ v{x)X(z,y){x) f f{t)u{t)dt. 

J Z 

Hence, applying Holder’s inequality, 

\\Tz,{z,d) - Ty^(y^d)\\ < |k||£;((y.d))||u||E'((2,!/)) + |k||£;((2.j/))||M||E'((2,y)) 

and so 

|||?)2,(2,d)|| - ll^y.(y,d)||| < \\TzXz,d) - Ty^(y4)\\ < 2\\u\\ E> ((z ,y)\\v\\E ((z ,d)), 
which yields the continuity of Similarly we obtain the continuity for 

\\Tx,(c,x)\\ and \\Tx,j\\. 

If supp/ C {y, d) then for z < y, 

Tz,(z.d)f{x) = Ty^(^y^d)f{x). 

Consequently 

l|T)/.(y.d)ll < \\Tz,{z,d)\\ 

and similarly 

I|T'2.(c. 2)II < ll^y,(c,y)l|- 

The identity (14.21) follows from these inequalities and the continuity of the norms 
\\TxXc,x)\\, \\TxXx,d)\\- 

Let / G E{J) and set /i = fx{c,x), /2 = fX(x,d)- Then 

{Tx,jfm = {Tx^ic.x)fim + {Tx,ix.d)f2m. 
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We have 

ll"^a:,j/l|iS(J) ~ \\Tx,(x,d)f2\\E{{x,d))} 

— ^ ll^a;,(c,£c) II j ||"?x,(a;,d) II } || /i || i5((c,a;)) j ||/2 || E((a;,d)) } 

< C'max{||r^,(c,:r)||, ||r^.(x,d)||}||/||E(j)- 

Consequently 

IITx.jII < Cmax{||Ta;_(c,:c)||, ||71>:.(£>:.d)||}- 

The reverse inequality is obvious and (14.31) is proved. From (14.21) . (14.31) and the 
above analysis, we have (I44l) . □ 

Definition 4.5. Let E he a, BFS satisfying the condition m and suppose that 
E' has AC-norm. Let J = (c, d) be a subinterval of /, and suppose that u G E'{J) 
and V G E{J). Define 

^(J) = l|re,(c,e)|| 

where e G J defined by 14.21 

Lemma 4.6. Let E he a BFS satisfying the condition (I23D and suppose that E' has 
AC-norm; let J be a subinterval of I, and suppose that u G E'{J) and v G E(J). 
Then 

1 ) l|Ta:,(c,x)|| strictly increasing and HT^, ( 2 ,_(j)|| is strictly decreasing on {c,d). 

2 . A{c,x) is strictly increasing and A{x,d) *5 strictly decreasing on {c,d)- 

Proof. The strictly monotonic properties of the functions ||T!j^(c,a;)|| and A(c,x) 
follow from the condition |{a; : u{x) = 0}| = |{a: : v{x) = 0||| = 0. If we use 
arguments analogous to those in the proof of Lemma 14.41 we may prove continuity 
of.4(c, x). □ 

Lemma 4.7. Let E be a strictly convex BFS. Then given any /, e G i?, e ^ 0 there 
is a unique scalar Cf such that 

\\f-Cfe\\E = inf 11/-cells- 

Proof. Since ||/ — ce||s is continuous in c and tends to oo as c —>■ oo, the existence 
of c/ is guaranteed by the local compactness of R. The uniqueness of c/ follows 
from the strict convexity of E. □ 

Lemma 4.8. Let E be a strictly convex BFS and given f G E, let Cf be the unique 
scalar such that \\f — c/e||s = inf ||/ — ce||s, for e 7 ^ 0, e G FI. Then the map 

f ^ Cf is continuous. 

Proof. Suppose ||/n —/||e 0. Since c/„ is bounded, we may suppose that c/„ c. 

Then 

||/n-c/e||s > ||/n-c/„e||s 

and so 


which gives c = Cf. 


||/-c/e||s > 11/-cells 


□ 
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Lemma 4.9, Let E be a strictly convex BFS satisfying the condition m and 
suppose that E' has AC-norm. Let J = {c,d) be a subinterval of I, and suppose 
that u G E'{J) and v G E{J). Then 

A[J) ^ min \\T,j\E{J) ^ EiJ)\\ « \\Te,j\EiJ) ^ £;(J)||, (4.5) 

xGJ 

where e € I defined by (021). 

Proof. Note that (using (14.3p and (14.41) i 

||Te,(,,e)|i?(^) ^ E{J)\\ = ||r,,(,.,)|i?(J) ^ E{J)\\ 

< \\T,,j\E{J) ^ EiJ)\\ 

< Ci\\r^^,,e)\E{J) ^ EiJ)\\. (4.6) 

Let a < ||Te^j||. Set = vE, where, 

Ef{x) = Fe,jf{x) = xj{x) f f{t)u{f)xj{t)dt. 

J e 

By (j4.6ll it follows that there exists /i, i = 1,2, supported in (c, e) and (e, d), re¬ 
spectively, such that ll/illfi = 1, \\Te,jfi\\E{,j) > Oi/Ci and /i positive, /2 negative. 
Note that the same is true of the signs of the corresponding values of CypfnCvFfzj 
with e = V (see Lemma I4.7M.8I) . Hence by the continuity established in Lemma 
14.81 there is a A S (0, 1) such that CyPg = 0 for g = A/i -I- (1 — A)/ 2 . 

We have 

\\Te,jg\\E{J) > C2 max{||ATe,(c,e)/l|U((c,e)), ||(1 - A)Te_(e_d)/2 || _E((e.d)) } 

> C2,a\\g\\E{j)- 

We have 


A{J) > inf \\vFg - av\\E[j)/\\g\\E{j) = \\vFg\\E{j)/\\g\\E{j) > Csa. 

Since a < ||T'e,j|| is arbitrary, A{J) > CaHTe^jH. and the first equivalence follows 
from gH). Using (14.41) . we obtain the second equality of (14.51) . □ 


Lemma 4.10. Let J = {c,d) be a subinterval of L, and suppose that ui, U 2 belong 
to E'{J) and v G E{J). Then 

\A{J,ui,v) - A{J,U 2 ,v)\ < ||ui -■U 2 ||£;'(j)||m||£;(j)- 

Proof. 


A{J,ui,v) = sup inf 

< sup inf 


(x) f{t){ui (t) - U 2 (t) + U 2 {t))dt - a 
v{x) [ f{t){ui{t) - U 2 {t))dt 


E{J) 


E{J) 


v{x) f f{t)u 2 {t)dt — av{x) 
J a 


E(J) 


< sup inf [||mi - M 2 ||£;'(j)||u||£;(j) 


v(x) f f{t)u 2 {t)dt — av{x) 
J a 


E(J), 
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< ||mi - M2||e'(J)||m||e(J) + A{J,U2tV). 

The same holds with ui and U 2 interchanged, and the result follows. 


□ 


Lemma 4.11. Let J = (c, d) be a subinterval of I, and suppose that u G E' {!) and 
vij V 2 £ E{I). Then 

\A{J,u,vi) -A{J,u,V 2 )\ < Slim - V 2 \\E{J)\\u\\E'{J)■ 

Proof. Let 

T}f{x) =vi{x)xj{x) f f{t)u{t)dt, 

J a 

Tjf{x) =V2{x)xj{x) f f(t)u{t)dt, 

J a 

Tffix) = {vi{x) - V2ix))xj{x) f f{t)u{t)dt 

J a 

Suppose that A{J,u,vi) > A{J,u,V 2 )- By Lemmawe have 
.4( J, u, m) — .4( J, u, V 2 ) 

= sup inf ||T]/-a?;i||£;(j)-^(J, u,'(; 2 ) 

= sup , , inf \\T]f-avi\\E{j)-A{J,u,V 2 ) 

II/IIe(u=i I“|2<II“IIe(u 

- [P'jf-a{vi-V2)\\E(j) + \\Tjf-av2\\E{j)) 

— A{J, u, V 2 ) 

- ^'^P , (3|ki- ii2|U(j)||w||e'(j) + 117"]-ai;2||£;(j)) 

||/||e(j) |a|<ll«llE(j) 

— .4(J, u, V2) 

< Slllll - -y2||E(J)||'u||E'(J) +A{J,U,V2) -A{J,U,V2) 

= 3||?;i - 'y 2 ||E(J)ll'w||E'(J)- 

The proof is complete. □ 

Note that in Lemma [4 .1 0114 . Ill we can replace A{J) by llTa^jH. 

Lemma 4.12. Let E £ A4 be a strictly convex BFS and suppose that E' has AC- 
norm. Let u and v be constant over an interval J = {c,d). Then A{J,u,v) « mi;| J|. 

Proof. From the Muckenhaupt condition we deduce that if J C J and |J|/|J| > 1/2, 
then IIxjIIe « ||x/||e and ||xjlU' ~ ||x/IU'- Let e G {c,d), we have 

max<^ sup ||X(c.t)llB'IIX(t,e)l|E, sup ||x(e,t)I| e' llx(t.d)lb f ~ l-^l- 

I i€(c,e) t^{e,d) \ 


Using Theorem 12.31 and Lemma 14.91 we obtain 

A{IAA)-\J\- 


A{J,u,v) = sup inf 

ll/llE(.;)=l“e* 


V ( / f{t)u)dt — a 


E{J) 


Consequently 
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= uv sup inf 
ll/llE(J)=l^e“ 

= uvA{J, 1,1) « I 


f f{t)dt-c 
J a 


E(J) 


;|J|. 


□ 


5 . Estimates of s-numbers for T 


Throughout this section we view T as a map from a BFS E to itself. 

Lemma 5.1. Let E be a strictly convex BFS space that fulfills condition (EU, 
let E' have AC-norm, and suppose that u € E'{I) and v € E{I) . Let a = Uq < 
oi < ... < Oat = b be a sequence such that A{ai-i,ai) < e for i = 2,...,N and 
ll'7"a.(a,ai)ll < Then 

aN{T) < Ce. 

Proof Set li = (ui-i, Oi) and Pf = Ya =2 where 

P^f{x) = v{x)xh [ f{t)u{t)dt, 

J a 

and Ci is a number obtained from Lemma 14.91 for which 

A{Ii) = min||T,,7,|E(L) ^ E(/,)|| « \\T,,,i,\E{Ii) ^ E{Ii)\\. 

xGli 

Note that rankP < — 1; using Lemma [49l we obtain 

N 

||(r - p)f\\E = \\xhTa,iJ + J2{Tf - p,f)xu lU 

i=2 

N 

= WXhTaJif + 

i=2 

<C\\{\\XLTajJ\\EA\xlJe,,lJ\\E}\\l 
< Cmax{||T,, 7 j|, Aih), AilN)}\\{\\fxiME}\\i 
<Cie\\f\\E. 

□ 


Lemma 5.2. Let E be a strictly convex BFS satisfying condition (12.ip . Let E* be 
strictly convex and suppose that E' has AC-norm. Let u G E'[I) and v G E{I). Let 
a = ao < ai < ... < on = b be a sequence such that A{ai-i,ai) > e for i = 2 ,..., N 
and > £. Then 

*w(T) > Ce. 


Proof. The argument here is similar to the proof of Lemma 6.13 of m (which 
dealt with the case when E is a Lebesgue space), but we give full details for the 
convenience of the reader. Set L = (ai_i,ai) (z = 1,...,7V). From Lemma 14.91 it 
follows that there is G C such that 


A{C) 


mm 

xGh 


\T,j,\E{L,) ^ E{L,)\\ 


m^,u\E{I,) ^ Eil^. 


Note also that (see Lemma [4.41) 

\\Tei,{ai-i,ei)\T{{ai-i, Ci)) —>■ F((ai_i, 6^)) || 


\\Tei,{ei,ai)\E{{e^,ai)) E{{ei,a,))\\ 

\\n,j,\E{I,) ^ E{I,)\\. 
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Since and Tf,^^(^ei,ai) are compact operators there exist functions //, /f 

such that 

supp// C (ai_i,e^), supp/f C (e,,a,), UIWe = W/HIe = 1, 

||^ei,(ai_i ,ei) 1) 6z)) ^ 1 ? ^z)) || ,( 0 ^_i,6^)/i || £^(6^ ,(ai_i ,6^)) 

and 


\Tei,(ei,ai)\E({ei, tti)) —> E{{ei,ai))\\ — \Te^,{ei,ai)fi\\E((ei,ai))- 


Define Ji = (ao,ei) = (eo,ei), J, = (ei_i,ei) for i = 2,...,N and J^v+i = 
{eN-i,b). We introduce functions 

9l{x) = fl{x)X(eo,ei){x), 

gi{x) = + difl{x)xiai.i,ei){x)) for i = 2,...,N 


and 


gN+i{x) = fNix)xJNix)- 

For these functions we have 

llffj llE((ei_i,aj_i)) 


and 


l^ei, Ji5i||E((ai i,ej)) 


> Ce for * = 1,iV + 1. 


llffi||E((ai_i,ej)) 

We can see that and Te^^J^gi do not change sign on (ei_i,ai_i) and 

{ai-i,ei) respectively. Since Te^_-^^j.gi(x) and Te-^j-gi{x) are continuous function 
we can choose constants c,- and dj such that 


d^ei — i,Jigi{^i—l'} — d^ei,Jigi{^i—l') ^ 0 

and ||3j||E(Ji) = 1- Then we can see that supp(T(/i) C Ji, i = 2, ...,7V. 

Note that 

l|T'5z|tE(Ji) \\J'ei-i,(ei-i,ai — a)9'iX{ei — i,ai — a) E Te^^(^ai-i,ei)9iX{ai-i,ei)\\E{Ji) 

IlffllsCJi) llffllE(Ji) 

^ II { l|T'ei_i ,(ei_i II E((ei_i,ai_a)) ’ \\d'ei,{ai-i,ei)9i\\ E{(ai-i,ei)} II i 

IlsIUcji) 

> CiE for i = 2,...,N. (5.1) 

Since E and E* are strictly convex BFS, given any x € i7\{0}, there is a unique 
element of E* , here written as Je{x), such that || JA(T)||jf = 1 and < x,Je{x) > 
= ||x||e. Note that for all x G £'\{0}, Je{x) = grad||a:||_E, where grad||a;||_E denotes 
the Gateaux derivative of || ■ Hb at x (see [19]). 

Denote by I the discrete Banach function space corresponding to the partition 
Ji, i = 1,..., iV + 1 of the interval /. The maps A : I ^ E and B : E ^ I are defined 
by: 

AT+l 

Ami,) = E <9^{x) 







15 


Bg{x) 


< 9XJi,JE{Tgi) > 
\\Tgi\\E{Ji) 



Since < Tgt, JsiTgi) > = \\Tgi\\E, 

BTA{{d.}t\^) = {d.}f+^ 

Observe that ||_S : ^ is attained only for functions of the form 


iV+l 

Using (ED we obtain 

\\g\\E>C2e\\{cr}l+% 

and then 

N+l 

sup \\Bf\\i= sup \\BC^c'^Tgi{x))\\i= sup ||{c'}^y||i < C' 2 /e. 
II/IIe<i llffllE<i IIsIIe<i 

From 

P({<})S'lb ll{||<5.IU(J.)}lb = IlKilb 

it follows that \\A : I ^ E\\ m 1. Thus 

^N{T)>\\A\\-^B\\-^>Cse. 


□ 


Note that in the formulation of Lemmas ED and 15.21 instead A we may use A. 

Let i? be a BFS satisfying condition ED), let E' have AC-norm, and suppose 
that u G E'{I) and v € E{I). Note that for sufficiently small e > 0 there are 

c,d G (a,b) for which A{c,b) = e and IITq = e. Indeed, since T is compact, 

there exists a positive integer N(e) and points a = qq < ai < .... < ajv(e) = b with 

A(ai_i,ai) = e for i = 2,...,iV(£:) - 1, A(a 7 v(e)-i, &) < e and || = e. The 

intervals A = (ai)_i,ai), i = 1,...,N{£) form a partition of /. 

Lemma 5.3. Let E be a BFS satisfying eondition ED, let E' have AC-norm, and 
suppose that u G E'{I) and v G E{I). Then the number N{e) is a non-increasing 
function of e that takes on every sufficiently large integer value. 

Proof. As in the proof of Lemma 6.11 of m, fix c, a < c < b. We have c)ll = 
So > 0 and there is a positive integer A^(eo) and a partition a = ag < ai < 
■■■ < a.N{eo) = ^ such that || = Eq, A{a^-i,a^) = eo for i = 2,...,N{£o) - 

1, A{aN{so)-ijb) < So- Let d G (a,c). According to Lemma [T6l A(a,d) = £q < eg 
and the procedure outlined above applied with £q gives 00 > N{eg) > N{eg). By 
continuity of A{c, ■) and ||T'aya,.)||, there exists d G {a,c) such that N{eg) > N{£g). 
If N{£q) = N{£g) + 1, stop. Otherwise, define 

ei = sup{e : 0 < e < £0 and N{e) > N{eg) + 1}. 

We claim N{ei) = N{£g) + 1. Indeed suppose A^(ei) > N{£g) + 2 and the par¬ 
tition a = ag < ... < a 7 v(ei) = ^ satisfies IITq || = £i and A{ai,aiJ^i) = ei 
i = l,2....,N{£i) - 1 and .4(aAr(ei)-i,aAr(£i)) < £ 1 . Decrease aiq{ei)-i slightly 
to so that 6 ) < ei and A{aN(ei)-2,a'j^(ei)-i) > ^i> oon- 

tinuing the process to get a partition of (a, 6 ) having N[£i) intervals such that 
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ll'7"a.(a,ai)|| > £i, > 6,1 = 2,...,N{£i) - 1 and A{aN{Ei)-i,b) < Si- 

Taking £2 < min{||T„_(„^„j)||,a-); i = 2,...,N{ei - 1)} we obtain £2 > £1 
and N{£ 2 ) > N{£q) + 2, a contradiction. An inductive argument completes the 
proof. □ 

From Lemma 15.31 Lemma 14.61 and continuity of A{c,-) and ||Ta^(c,.)|l the next 
lemma follows. 

Lemma 5.4. Let E be a BPS satisfying condition HUD , let E' have AC-norm, 
and suppose that u G E'{I) and v € E{I) . Then for each N > 1 there exist £n and 
a sequence a = ag < ai < .... < on = b such that A{ai-i,ai) = £n for i = 2,..., N 
and £a- 

Combining Lemmas 15.1115.41 we obtain the following theorem. 

Theorem 5.5. Let E be a strictly convex BPS satisfying condition (12.1|) . let E* be 
strictly convex and E' have AC-norm, and suppose that Let ||mx/||_e'(/) lkx/||E(/) < 
00 . Then for each N > 1 there exist En and a sequence a = ag < ai < .... < on = b 
such that A(ai-i, Oi) = En for i = 2,..., N and IITq || = en and 

aN{T) Ri iAr(r) PS En- 


6 . Asymptotic results 


Theorem 6.1. Let E be a strictly convex BPS satisfying condition iH) and sup¬ 
pose it has AC-norm. Let E* be strictly convex, let E' has AC-norm, and suppose 
that u G E'{I) and v G E{I). Then there exist constants Ci = Ci{E),C 2 = 
C 2 {E) > 0 such that for the map T : E ^ E 

pb pb 

Cl / u{x)v{x)dx < limsupA^£Ar < limsupA^£Ar < C 2 / u{x)v{x)dx 
Ja n—^■oo n—^■oo Ja 

Proof. As in the proof of Theorem 6.3 of m we observe that for each 77 > 0 there 
exist nonnegative step functions Urj, Vr^ on I such that 

||u-Ur,||E'(/) < I?, \\u-Vn\\E(I) <r]- 

We may suppose that 

m m 

^>7 = W ~ VjXw(.i) 

1=1 1=1 

where W{j) are closed subintervals of / with disjoint interiors and I = CJLiW{j). 

Let N be an integer greater than 1. By Lemma [5.41 there exist £Ar > 0 and a 
sequence Ofe, fc = 0,1,..., N, such that ag = a, gn = b and 

A{L) = E = En for 1 = 2,..., N and \\Taj,, || = £ where Ik = {ak-i,ak). 


We have 



< J u{t)\v{t) — Vr){t)\dt -\- j \u{f) — Uri{t)\Vri{t)dt 

< \\u\\e'\\v - vJe + \\u-uJe'\\v\\e 

< i?(||m||e'+ Ikllu + i?). (6.1) 


Let K = {k > 1 : there exists j such that Ik C W{j)}. Then ffK > N — 1—m, 
and by Lemmas 14.10114.121 
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(A^ — 1 — 7n)£ < Cl ^ A{Ik,u, v) 

k^K 

< C 2 ^ A{Ik,u,v) 

k€K 

^ C^ ^ ^ ^A{Ik')Ur}f'^ 7 ]) 
k^K 

+ {A{Ik,u,v) - A{Ik,Ur^,v)) 

~\- {^Ai^Ik 1 'fJ'r} 5 A(^Ik : '^r} 1 '^rj ) ) ^ 

<c^Y.{\^M\\wij)\ 

3 

+ ||w - Urf \\ E ’( W ( j ))\\ v \\ E { W { 3 )) 

+ Ik - '^v\\E{WU))\\Ur^\\E'{W{A 

< Ci(^ J Un{t)vn{t)dt + t]\\v\\e + ri{\\u\\E' +??))• 
By (IB.ip -we conclude that 


limsup A^Eat < (74( / u(t)v{t)dt + 2r]\\v\\E +‘2r]\\u\\E'+ r]) 

N^oc, ^Jl ' 

and then 

limsupiVEAr u{t)v(t)dt. 

n—¥oo J j 

To prove the opposite inequality we add the end-points of the intervals W{j), 
j = 1, 2 ,..., m to the a^, fc = 0 , 1 ,..., N, to form the partition a = cq < ... < Cn = 
say, where n < N \ m. Note that each interval Jj = (efc, efe+i) is a subinterval 
of some W{j) and hence Uri,Vri have constant values on each Ji. Thus 


UrfVrfdt = I Ur,Vr,dt + 


JIl 

<C5 




ll\ll 


UrjVrjdt 


( 'y / || 7 a,Ji,II + y ^ .Ai JiyUri^Vri)^ . 


JiCii 


Ji<th 


We obtain 


^ ^ 71(72, , J’??) 

< ^ ^A{Ji,u.v) + {A{Ji,u^.v) - A{Ji,u.v)) 

T (71(72 , Urj.Vri ) Ai^Ji^ 'Uj^.vY) ^ 

^A{Ji,u.v) + ||m-M jjllB'lklU + IkrjIU'lkr/ “i'IIb}; 


< 
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analogously for w,;|| we have 

^ ' ll^a, II 

JiCii 


< E 

i.u.'ull + {\\Ta,Ji,u,,,v\\ — ||Ta,Ji,ii,.u||) 

JiCh 


+ i\\Ta,. 

II ~ ||Ta,Ji,'u^,j;||) I 

< E 

i.u.i; 1 + ||m - Ur,\\E'\\v\\E + ||m», lU'|k>? “ ''^II-e} 


Jidli 


Hence, from ||Ta,j,ii,„|| < £ and A{Ji,u,v) < C^e 

J u{t)v{t)dt < Cg{{N + 1 + m)e + 377 ||u||£; + 77 ( 3 ||m||£;' + 77 )) 

and since 77 > 0 is arbitrary the theorem follows. □ 

Proof of Theorem \2.8\ Combining Theorem 15.51 and Theorem 16.11 we obtain the 
proof of Theorem I2.8[ □ 
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